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We advocate for the idea that there is a fundamentally new mechanism for axion production on
Earth, as recently suggested in [1, 2]. We specifically focus on production of axions within Earth,
with low velocities such that they will be trapped in the gravitational field. Our computations are
based on the so-called Axion Quark Nugget (AQN) dark matter model, which was originally invented
to explain the similarity of the dark and visible cosmological matter densities. This occurs in the
model irrespective of the axion mass ma or initial misalignment angle θ0. Annihilation of antimatter
AQNs with visible matter inevitably produce axions when AQNs hit Earth. The emission rate of
axions with velocities below escape velocity is very tiny compared to the overall emission, however
these axions will be accumulated over the 4.5 billion year life time of the Earth, which greatly
enhances the discovery potential. We perform numerical simulations with a realistically modeled
incoming AQN velocity and mass distribution, and explore how AQNs interact as they travel through
the interior of the Earth. We use this to estimate the axion flux on the surface of the Earth, the
velocity-spectral features of trapped axions, the typical annihilation pattern of AQN, and the density
profile of the axion halo around the Earth. Knowledge of these properties is necessary to make
predictions for the observability of trapped axions using CAST, ADMX, MADMAX, CULTASK,
ORPHEUS, ARIADNE, CASPEr, ABRACADABRA, QUAX, DM Radio.
I. INTRODUCTION
The Peccei-Quinn mechanism, accompanied by axions,
remains the most compelling resolution of the strong
charge-parity (CP) problem [orignal papers: 3–9][recent
reviews: 10–19]. In this model, conventional dark-matter
(DM) axions are produced either by the misalignment
mechanism [20–22], when the cosmological field θ(t) oscil-
lates and emits cold axions before it settles at a minimum,
or via the decay of topological objects [23–29]. There are
uncertainties in estimates of the axion abundance from
these two channels,1, and we refer the reader to [23–29]
for a full discussion. In both of the traditional production
mechanisms axions are produced as non-relativistic parti-
cles with typical vaxion/c ∼ 10−3, and their contribution
to the cosmological DM density scales as Ωaxion ∼ m−7/6a .
This scaling implies that the axion mass must be tuned
to ma ' 10−5 eV in order to produce the observed cos-
mological DM density today. Higher axion masses will
contribute very little to ΩDM and lower axion masses will
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1 According to recent computations [29] the axion contribution
to ΩDM as a result of decay of topological objects can satu-
rate the observed DM density today if the axion mass is in the
range ma = (2.62± 0.34)10−5eV, while earlier estimates suggest
that saturation occurs at a larger axion mass. There are addi-
tional uncertainties in this result, and we refer to the original
studies [28] on this matter. One should also emphasize that the
computations [23–29] have been performed with assumption that
Peccei-Quinn symmetry was broken after inflation.
over-saturate the density, resulting in a closed Universe
which would be in strong conflict with cosmological data
[30]. Cavity-type experiments have the potential to dis-
cover these non-relativistic axions.
Axions may also be produced via the Primakoff effect
in stellar plasmas at high temperature [31]. These axions
are ultra-relativistic; with a typical average energy of ax-
ions emitted by the Sun of 〈E〉 = 4.2 keV [32]. Searches
for Solar axions are based on helioscope instruments like
CAST (CERN Axion Search Telescope) [32].
Recent works [1, 2] have suggested a fundamentally
novel mechanism for axion production in planets and
stars, with a mechanism rooted in the so-called axion
quark nugget (AQN) DM model [33], similar to the orig-
inal quark nugget model by Witten [34] (see [35] for
a review). AQN are “cosmologically dark”, not be-
cause of the weakness of their interactions, but due
to their small cross-section-to-mass ratio, which scales
down many observable consequences of an otherwise
strongly-interacting DM candidate. There are two addi-
tional elements in our AQN model compared to [34, 35].
First, there is an additional stabilization factor for the
nuggets provided by axion domain walls that are pro-
duced in great quantity during the quantum chromody-
namic (QCD) transition and that help to alleviate a num-
ber of problems with the original nugget model.2 An-
other feature of AQN is that nuggets can be made of
2 In particular, a first-order phase transition is not required as
the axion domain wall plays the role of the squeezer. Another
problem with [34, 35] is that nuggets will likely evaporate on a
Hubble time-scale even. For the AQN model this argument is
not applicable because the vacuum-ground-state energies inside
(color-superconducting phase) and outside (hadronic phase) the
nugget are drastically different. Therefore, these two systems can
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2matter as well as antimatter during the QCD transition.
This element of the model completely changes the AQN
framework [33] because the DM density, ΩDM, and the
baryonic matter density, Ωvisible, automatically become
similar to each other, i.e. ΩDM ∼ Ωvisible, because they
have the same QCD origin in that the same generating
mechanism ensures they are of the same order of mag-
nitude without any fine tuning. The existence of both
matter and antimatter AQNs explains the baryogene-
sis. In short, the AQN model explains two fundamental
questions: the nature of dark matter and the asymmetry
between matter and antimatter. This is irrespective of
specific details of the model, such as the axion mass or
misalignment angle θ0.
The presence of bound axions in the construction of
AQNs plays a crucial role for the present work: Anni-
hilation events will always happen when an AQN prop-
agates in a medium, and this inevitably produces prop-
agating axions along with the conventional products of
baryon-antibaryon annihilation. Emitted axions will be
released with a velocity spectrum, with a typical value
vAQNaxion ' 0.5c. This can be contrasted with conventional
galactic non-relativistic axions vaxion ∼ 10−3c and Solar
ultra-relativistic axions with typical energies 〈E〉 = 4.2
keV.
Some of the axions emitted when AQNs annihilate with
Earth will have very small velocities, below the escape ve-
locity of Earth (v ≤ vesc ' 11 km s−1). These axions will
be gravitationally trapped and represent the main sub-
ject of this work. The idea that axions can be trapped in
a gravitational field dates back to 2003 paper by DiLella
and Zioutas [36]. The present work is a specific analy-
sis of the gravitationally bound axions within the AQN
framework, when the axions are produced in the interior
of the Earth, as suggested in [1, 2]. The emission spec-
trum of axions from the AQN production mechanism is
studied in Ref. [2]. An important conclusion of this work
is that a tiny fraction ∼ 10−17 of the number of axions
emitted within the Earth will be low-velocity (v ≤ vesc),
and thus will be trapped by the Earth. Over 4.5 bil-
lion years of accumulation these bound axions may be-
come dense enough for detection by instruments such as
ADMX and ADMX-HF [37], upgraded CAST [38], OR-
PHEUS [39], MADMAX [40], ORGAN [41], CULTASK
[42], ARIADNE [43], CASPEr [44], ABRACADABRA
[45], QUAX [46], X3 [47], DM Radio [48], axion plasma
haloscope[49].
In [2] a number of order-of-magnitude estimates were
made regarding properties of the trapped-axions. The
goal of the present work is to upgrade these estimates
by performing detailed numerical simulations of axion
production within the Earth. Questions that we are in-
terested in answering are:
coexist only in the presence of an external pressure, provided by
the axion domain wall. This contrasts with the original model
[34, 35], which must be stable at zero external pressure.
1. What fraction of an AQN is annihilated when it
passes through the interior of the Earth?
2. What is the distribution of where annihilation
events occur within the Earth?
3. How is the trapped-axion density distributed
around the Earth?
4. What is the trapped-axion flux through the surface
of the Earth, where they might be detected?
5. What are the axion spectral features on the surface
of the Earth?
6. How do answers to the above questions depend
on the AQN mass distribution and other model-
dependent features?
Assuming that AQNs saturate the cosmological DM
density, and defining ∆B/B as the fraction of a typical
AQN that is annihilated when passing through the inte-
rior of the Earth, one can estimate the total number of
gravitationally trapped axions accumulated by the Earth
over 4.5 billion years as follows [2]:
N
(trap)
⊕,4.5Gyr ∼ 4piR2⊕
ρDMvAQN
Ea
ξ⊕
(
∆B
B
)
· 4.5 Gyr
∼ 1040
(
ξ⊕
10−17
)(
∆B
B
)(
10−5eV
ma
)
,
(1)
where ξ⊕ ∼ 10−17 is the fraction of axions trapped in
the gravitational field of the Earth compared to the to-
tal axion flux, estimated in [1, 2]. The corresponding
accumulated energy is
E
(trap)
⊕,4.5Gyr ' ma ·N (trap)⊕,4.5Gyr
∼ 1035
(
ξ⊕
10−17
)(
∆B
B
)
eV .
(2)
The trapped energy (2) can be expressed in terms of the
trapped-axion mass ∆M⊕ accumulated by the Earth
∆M
(trap)
⊕ ∼ 0.1
(
ξ⊕
10−17
)(
∆B
B
)
kg , (3)
which represents a tiny fraction of the mass of the Earth:
M⊕ ' 5.9× 1024 kg.
The key unknown element in estimates (1) and (2) is
the parameter ∆B/B: the fraction of the mass of a typi-
cal AQN that is annihilated within Earth. This parame-
ter is difficult to estimate without numerical simulations
because it depends on the trajectory of the AQN through
Earth, which itself is affected by the the incoming AQN
velocity distribution, the gravity of the Earth, the details
3of the density distribution within the Earth, as well as
the axion-emission velocity spectrum.
If we make the assumption that axions are uniformally
distributed within the Earth, we can estimate the average
axion energy density within the Earth [2]:
ρ
(avg)
a,⊕ ∼
E
(trap)
⊕,4.5Gyr
4piR3⊕/3
∼ 0.1
(
ξ⊕
10−17
)(
∆B
B
)
GeV
cm3
. (4)
However, it is clear that the distribution of axions will
not be uniform and instead, may be non-trivial, in a way
determined by the position of the AQN when emission
occurs and the direction of AQN velocity at the moment
of emission. Evidently, the crude estimate of (4) is in-
adequate for planning experiments. To address this (and
items 3, 4 and 5 from the list above) we use Monte-Carlo
simulations to allow us to evaluate (4) precisely, as a
function of a position from the Earth. This information
is crucial for planning axion search experiments, which
require a value for ρa,⊕(r = R⊕) along with the spectral
properties of the axions on the surface r = R⊕. Specif-
ically, we simulate the entire process responsible for the
generation of the axion halo around Earth. We start by
simulating the propagation of AQNs through Earth, in-
cluding the AQN annihilation processes. We then simu-
late the orbits of the low-velocity axions that are emitted
by the AQN and calculate the accumulation over 4.5 Gyr.
This axion-simulation process depends on the position of
the AQN within the Earth where annihilation occurs and
the axions are emitted, the velocity of the AQN at the
moment of emission, and the velocities and directions of
the emitted axions. This procedure allows us to compute
ρa,⊕(r = R⊕).
The present work is a natural continuation of [1, 2]. To
avoid repetition we refer the readers to [2] for the deriva-
tion details of axion emission spectrum in the rest frame
of the AQN and to [1] for an overview of the AQN model,
including motivation, consequences and predictions. We
note that the AQN model is consistent with all available
cosmological, astrophysical, satellite and ground-based
constraints. While the model was invented to explain the
observed relation ΩDM ∼ Ωvisible, it may also explain a
number of other observed phenomena, such as the excess
of diffuse galactic emission in different frequency bands
(including the 511 keV line) as reviewed in [50]. AQNs
may also offer a resolution to the so-called “Primordial
Lithium Puzzle” [51] and to the “The Solar Corona Mys-
tery” [52, 53] and may also explain the recent EDGES
observation [54], which is in some tension with the stan-
dard cosmological model. It is the same set of physical
AQN parameters that address the aforementioned phe-
nomena that we will adopt for the present work. What
differentiates the present work is that we are advocating a
direct search for the gravitationally trapped axions: a di-
rect manifestation of the AQN model. An observation of
axions with very distinct spectral properties compared to
those predicted from conventional galactic axions would
be a smoking gun for the AQN framework and this may
then answer a fundamental question on the nature of DM.
This paper is organized as follows: In Sec. II, we
present a brief overview of AQN model: its accom-
plishments, generic consequences and observational con-
straints. We also overview the axion emission spectrum,
which plays an important role for the present study. In
Sec. III, we develop analytical equations to describe the
annihilation of AQNs impacting the Earth and the emis-
sion spectrum of axions in laboratory frame. The corre-
sponding numerical simulations are described in Sec. IV,
with results presented in Sec. V. Finally, we conclude
with some thoughts on possible future developments in
Sec. VI.
II. OVERVIEW OF THE AQN MODEL
A. Basic and generic features of the AQN
framework
The original AQN model was developed by [33] as
a natural explanation to two of the most fundamental
problems in cosmology: namely, the nature of DM and
the asymmetry between matter and antimatter. To be
more specific, “baryogenesis” in this model is replaced
by “baryon charge separation” such that the DM density
ΩDM and the baryonic matter density Ωvisible become
similar to each other. Indeed, the conservation of the
baryon charge implies
Buniverse = 0 = Bnugget +Bvisible − |B|antinugget
|B|DM = Bnugget + |B|antinugget (5)
where Buniverse = 0 is the total number of baryons in
the universe, |B|DM counts total number of baryons and
antibaryons hidden in both the nuggets and antinuggets
that make up the DM. Bvisible is the total number of
residual “visible” baryons (regular matter). The energy
per baryon charge is approximately the same for AQNs
and visible matter, because both types of matter are
formed during the same QCD transition, and both are
proportional to the same dimensional parameter of pro-
ton mass, mp, which implies that
ΩDM ∼ Ωvisible . (6)
In other words, the nature of DM and the problem of
the Universal asymmetry between matter and antimatter
become two sides of the same coin in this framework. As
has been argued in refs. [55–57] the relation (6) is a very
generic outcome of the AQN framework, and it is not
sensitive to specific details of the model.
To be more specific, from the observed ratio ΩDM ' 5 ·
Ωvisible, one can infer that number of antinuggets is larger
than the number of nuggets by a factor of ∼ 3/2 at the
conclusion of AQN formation. This results in a Universal
matter budget containing baryons, quark nuggets, and
antiquark nuggets in an approximate ratio,
|Bvisible| : |Bnuggets| : |Bantinuggets| ' 1 : 2 : 3 (7)
4with a net baryonic charge of zero.
The axion field, which is a crucial element in the
present work, plays an essential role during AQN forma-
tion in two ways: First, the existence of a coherent CP-
odd axion field θ is the fundamental mechanism to break
the global symmetry of baryon charge between nuggets
and antinuggets. This difference is always an order unity
effect, irrespective of the parameters of the theory, as ar-
gued in [55, 56]. This is precisely the reason why the
resulting visible and DM densities must be the same or-
der of magnitude (6) in this framework, as they are both
proportional to the same fundamental ΛQCD scale, and
they both originated at the same QCD epoch. If these
processes are not fundamentally related, the two compo-
nents ΩDM and Ωvisible could easily exist at vastly differ-
ent scales. Second, the so-called NDW = 1 axion domain
walls provide sufficient pressure to accumulate baryon
charge inside the walls, and ultimately lead to formation
of stable AQNs in color-superconducting phase of size
R ∼ m−1a , discussed in detail in [55].
It is precisely this energy, hidden in form of the bound
axion domain wall since the moment of formation, that
can be released in form of free-propagating axions when
the baryon charge from antimatter AQNs are annihilated
with matter in the interior of the Earth. The present
work is devoted to an analysis of the fate of these, pre-
viously hidden, axions. In the following subsection we
briefly review the basic features of the AQN model rele-
vant for the present work.
B. Observational constraints on 〈B〉
An AQN is analogous to a gigantic atom, with a cen-
tral “nucleus” made out of quark condensate in the color-
superconducting phase enclosed by a thick domain wall
made out of axion and η′ meson. Because the quark core
is in general not neutral, it is surrounded by a cloud of
leptons in what is known as the “electrosphere”. Once
an AQN made of antimatter impacts upon matter anni-
hilation will occur. As a consequence, the AQN will loose
mass and emits axions.
The flux of AQNs on Earth is determined by the AQN
mass MN , or equivalently by the baryon charge B, re-
lated via MN ' mpB. Assuming that AQNs saturate
the DM density the AQN flux can be approximated as
Φ = nNvN ≈ ρDMvN
MN
≈ 1 km−2yr−1
( 〈B〉
1024
)−1
, (8)
so that direct detection experiments impose lower limits
on the value of 〈B〉 for the baryon-charge distribution of
the AQN.
The strongest direct detection limit on AQN is likely
set by the non-detection of an AQN flux [58] by the Ice-
Cube Observatory, which limits the AQN flux to Φ . 1
km−2yr−1. If we take the local DM mass density to be
ρ ≈ 0.3 GeV/cm3 and assume that AQN make up all
DM we may translate the flux constraint obtained from
IceCube into a lower limit with 3.5σ confidence on the
mean baryon number of the AQN distribution of
〈B〉 > 3× 1024 [non-detection constraint], (9)
see Appendix A for details. A similar constraint also
comes from the Antarctic Impulsive Transient Antenna
(ANITA) [59].
Limits on 〈B〉 may also be obtained from indirect as-
trophysical and cosmological observations. Photon pro-
duction during matter-AQN interactions along a given
line of sight implies an observable flux:
Φ ∼ R2
∫
dΩdl[nvisible(l) · nDM(l)] ∼ 1〈B〉1/3 , (10)
where R ∼ B1/3 is the typical size of the AQN, which
determines the effective cross section of interaction be-
tween DM and visible matter, while nDM ∼ B−1 is the
number density of the AQNs. Thus, astrophysical con-
straints impose a lower bound on 〈B〉. The annihilation
contribution to the galactic spectrum has been analyzed
for different frequencies from a radio bands to X-ray and
γ-ray photons. In particular, if 〈B〉 ∼ 1025 the AQN
model could offer an explanation for the observed 511
keV emission features (including the width, morphology,
3γ continuum spectrum, etc). In all other cases, where
computations have been performed in different frequency
bands, the predicted emission is consistent with observa-
tions. In fact, in some cases it could explain some, or
even the dominant, portion of the observed excess of ra-
diation. All these emissions in different frequency bands
are expressed in terms of one and the same integral (10),
and therefore, the relative intensities are completely de-
termined by internal structure of the AQNs, which is
described by conventional nuclear physics and QED. For
further details see the original works [60–67] with specific
computations in different frequency bands in galactic ra-
diation, and a short overview [50].
C. Baryon charge distribution of AQN model
Another AQN-connected observation might be related
to the so-called “Solar corona heating mystery”. It has
been a long-standing puzzle that the corona has a tem-
perature T ' 106K that is 100 times hotter than the sur-
face temperature of the Sun, and conventional astrophys-
ical sources fail to explain the extreme UV (EUV) and
soft X-ray radiation from the corona, 2000 km above the
photosphere. This puzzle may find a resolution within
the AQN framework, as recently argued in [52, 53, 68].
The basic idea is that nanoflares, postulated by Parker to
explain the Solar corona heating, can be identified with
the AQN annihilation events. In [53] it was shown that
most of the Solar-incident AQN are are annihilated in the
transition region between the photosphere and corona,
specifically 2000 km above the photosphere, where dras-
tic changes in temperature and pressure are known to
5occur. Solar flares are sensitive to the distribution
dN/dB because the AQN framework allows us to connect
the nanoflare-size distribution, dN/dW , to the baryon-
charge distribution. This is possible due to dN/dW being
modelled via magnetic-hydro-dynamics (MHD) simula-
tions [69, 70] in such a way that the Solar observations
match simulations. The connection with AQN is to en-
sure that the energy distribution of nanoflare events in
the Solar corona equates with the baryon charge distri-
bution within AQN framework [52], i.e.
dN ∼ B−αdB ∼W−αdW (11)
where dN is the number of nanoflare events per unit time,
with energy between W and W + dW , which occur as
a result of complete annihilation of the antimatter AQN
carrying the baryon charges between B and B+dB. The
parameter α is fixed to match observations [69, 70] of the
nanoflare distribution.
In what follows we use the same baryon charge dis-
tribution dN/dB with the purpose of analyzing the ax-
ion emission from AQN annihilated in the interior of the
Earth. One should also note that it has been recently
argued [71] that the algebraic scaling (11) is a generic
feature of the AQN formation mechanism based on per-
colation theory. The phenomenological parameter α is
determined by the properties of the domain wall forma-
tion during the QCD transition in the early Universe,
but it cannot be theoretically computed in strongly cou-
pled QCD. Instead, it will be constrained based on the
observations as discussed below.
If we assume that the baryon charge distribution fol-
lows a power-law as suggested in (11) the average baryon
number of the distribution is
〈B〉 =
∫ Bmax
Bmin
dB Bf(B), f(B) ∝ B−α (12)
where f(B) is normalized and the power-law is taken to
hold in the range from Bmin to Bmax. This range is de-
termined by the complicated formation and evolution of
the AQN as discussed in [71] but is not strongly con-
strained from the theoretical side. Model independent
constraints on heavy dark matter candidates requires an
average mass above ∼ 55 g (corresponding to 〈B〉 ∼ 1025)
while lunar seismology disfavours a significant AQN pop-
ulation in the 10 kg to one ton range (B ∼ 1028 − 1030)
as reviewed in [50, 72]. However these constraints do
not constrain the distribution of AQN within this range.
Rather than introducing a completely new set of distri-
butions we will assume that the baryon number distri-
bution follows the nanoflare distribution as implied by
expression (11). Following the flare distribution mod-
els considered in [69, 70], we investigate three different
choices for the power-law index α:
α = 2.5, 2.0, or
{
1.2 B . 3× 1026
2.5 B & 3× 1026. (13)
We also investigate two different choices of Bmin: 10
23
and 3 × 1024 while we fix Bmax = 1028. Therefore, we
have a total of 6 different models for f(B) corresponding
to different models from [69, 70]. In Table I we show the
mean baryon charge 〈B〉 for each of the 6 models.
TABLE I: Values of the mean baryon charge 〈B〉 for
different parameters of the AQN mass-distribution
function.
(Bmin, α) 2.5 2.0 (1.2, 2.5)
1023 2.99× 1023 1.15× 1024 1.89× 1025
3× 1024 8.84× 1024 2.43× 1025 4.84× 1025
For the simulations in this work, we will only inves-
tigate parameters that give 〈B〉 & 1025 because present
constraints require 〈B〉 > 3 · 1024 according to (9). This
means excluding two models: that with Bmin ∼ 1023 and
that with α = 2, 5 and α = 2.
D. Axion emission mechanism
The goal of this subsection is to explain the process
of axion emission when an AQN enters impacts upon the
Earth and annihilates. We refer the readers to Refs. [1, 2]
for the technical details on the computation of the axion
spectrum.
First, one should recall that the axion plays a key role
in the AQN construction: due to the domain wall pres-
sure the AQN remain stable on cosmological time scales.
The same domain walls that provide the stability of AQN
also contribute to their energy. The analysis of [57] sug-
gests that the axion domain wall contributes ∼ 1/3 to its
total energy. It is this energy in the form of free, propa-
gating axions that can be released when the antibaryon
charge from an AQN is annihilated by surrounding ma-
terial.
Second, note that an axion domain wall in the equi-
librium does not emit any axions as a result of a purely
kinematical constraint: the domain wall axions are off-
shell axions in equilibrium. Now consider an AQN losing
mass due to annihilation processes: the axion portion to
the energy is initially unchanged, as it is not being di-
rectly annihilated. However, time-dependent perturba-
tions due to annihilation processes obviously change this
equilibrium configuration, and the configuration becomes
unstable with respect to the axion emission because the
total energy of the system is no longer at its minimum
when some portion of the baryon charge in the core is
annihilated. To retrieve the ground state, an AQN will
therefore lower its domain wall contribution to the total
energy by radiating axions. To summarize: the emission
of axions is an inevitable consequence during the annihi-
lation of antimatter AQNs and is a consequence of AQN
minimizing their binding energy.
A mathematically consistent procedure that allows one
to compute the emitted axion-velocity spectrum was de-
6veloped in [2] and can be explained as follows: Consider
a general form of a domain wall solution as follows:
φ(R0) = φw(R0) + χ (14)
where R0 is the radius of the AQN, φw is the classical
solution of the domain wall, while χ describes excitations
due to the time-dependent perturbation. Note that, φw is
clearly off-shell time-independent classical solution, while
χ describes on-shell propagating axions. Thus, whenever
the domain wall is excited, corresponding to χ 6= 0, freely
propagating axions will be produced and emitted by the
excitation modes.
Suppose an AQN is travelling in vacuum where no an-
nihilation events take place. We expect the solution stays
in its ground state φ(R0) = φw(R0), which corresponds
to the minimum energy state. Since there is no excitation
(i.e. χ = 0), no free axion can be produced. However, the
scenario changes when baryon charge from the AQN is
annihilated. As the AQN starts to loose a small amount
of mass, its size consequentially shrinks from R0 to a
slightly smaller radius Rnew = R0 −∆R. The quantum
state φ(R0) = φw(R0) is then no longer the ground state,
because a lower energy state φw(Rnew) becomes available.
Then, we may write the current state of the domain wall
as φ(R0) = φw(Rnew)+φ
′
w(Rnew)∆R, so the domain wall
now has a nonzero exciting mode χ = φ′w(Rnew)∆R and
free axions can be produced during oscillations of the
domain wall.
The annihilation processes inside the AQN force the
surrounding domain wall to oscillate. These oscillations
of the domain wall generate excitation modes and ulti-
mately lead to radiation of the propagating axions. The
corresponding oscillations have a typical frequency of or-
der the axion mass ∼ ma; the size of the AQN is also
order of m−1a , such that typical velocity of the oscilla-
tions of order c. These simple dimensional arguments
suggest that the typical velocities of the emitted axions
will be of order c, i.e. the most of the radiated axions will
have relativistic velocities, in contrast with conventional
galactic axions. However, the present work is devoted to
the low energy portion of this spectrum with v . vesc,
which is suppressed as v3 at v/c  1 [2]. Explicit com-
putations presented in [2] support all these claims of the
basic features of the axion emission and the correspond-
ing spectrum.
III. ANNIHILATION MODELING
In this section we present all equations that will be
used in our simulations and calculations of the axion-
density distribution around the Earth and the speed
spectrum of axions passing through the surface of the
Earth. In what follows we adopt the following termi-
nology for the sake of brevity: whenever “per AQN” is
referred, we mean “per 〈B〉 baryon charge”.
A. Annihilation of AQNs impacting the Earth
The equations derived in this subsection are similar to
equations discussed in [53], which was devoted to annihi-
lation of AQNs in the Solar corona. However, there are
two main differences between our work and that of [53]:
First, in our work, the motion of AQNs in the interior of
the Earth will experience differing strengths of local grav-
ity because we find that the average AQN will only be
partially annihilated when passing through Earth. This
is in contrast to Ref. [53] where AQNs are almost com-
pletely annihilated in the transition region 2000 km above
the Solar photosphere and there is an extremely small
probability for an AQN to survive until the Solar sur-
face. The second distinct feature of our modeling is re-
lated to the different structural properties of the Sun and
Earth. The Solar corona is a highly-ioninized plasma,
where protons, ions and electrons move freely and expe-
rience a long-range Coulomb interaction with AQNs due
to the induced electric charge on the AQN at T 6= 0, see
estimates in Appendix A in ref. [52]. This should be con-
trasted with the structure of Earth, where most atoms
are neutral or weakly ionized. Furthermore, most mate-
rial on Earth are in the solid or liquid phase, with low
mobility of the constituents. As a result, atoms from the
interior of the Earth interact with AQNs on as a result of
head-on collisions with the cross section σ ∼ piR2. This
key difference ensures that AQN interactions with Earth
have a much smaller effective cross section compared to
interactions between AQN and the Solar corona.
The energy loss due to the collision of AQNs with the
Earth can be expressed as follows [73]
dE
ds
=
1
v
dE
dt
= −σρv2 (15)
, where E = mv2/2 is the kinetic energy, s is the path
length, σ is the effective cross section of the AQN, ρ is
the density of the local environment and v is the AQN
velocity. Note that, following from the definition, we can
express the time derivative of E in the form
dE
dt
= mv
dv
dt
+
1
2
v2
dm
dt
= mv
dv
dt
− 1
2
σρv3 , (16)
where in the last step, we substitute the conventional rate
of mass loss
m˙ = −σρv . (17)
Comparing Eqs. (15) and (16), we conclude that the
mass loss acts like a friction term in the equation of mo-
tion
m
dv
dt
= −1
2
σρv2 ≡ −1
2
pi(R)2ρv2 . (18)
In the last step, we use σ ≡ pi(R)2, where R is the ra-
dius of the AQN and  is a dimensionless parameter that
describes deviations from the geometrical cross section
7piR2. In the studies of the Solar corona preformed in
Ref. [53], corona  1 due to the high mobility of ions in
plasma. In our case we expect  ∼ 1, but we leave it as
a free parameter to account for our ignorance regarding
a number of physical effects that we have neglected but
that we believe may be important. The main effects that
 6= 1 could describe are partial ionization of the AQN,
the fact that AQN travel at supersonic speeds. Both ef-
fects can change the internal-core heating of the AQN
and therefore change the cross-section. However, in our
case, the rigidity of the surrounding material while the
AQN traverses the Earth, implies that  is likely to re-
main very close to one. We therefore set  = 1 in most
simulations by default, but we also investigate a much
larger value of  = 3 in order to assess how our results
are modified when the AQN cross-section is significantly
increased.
The complete dynamical equations of motion in vector
form are:
dr
dt
= v ; r = |r| ; v = |v| ; (19a)
dv
dt
= −1
2
pi(R)2
ρ(r)
m
v2vˆ − GMeff(r)
r2
rˆ , (19b)
where G is the gravitational constant, and we define
R =
(
3m
4piρn
)1/3
' 1.045× 10−13B1/3 cm , (20a)
Meff(r) =
j∑
i=1
4pi
3
ρi(r
3
i − r3i−1) +
4pi
3
ρj+1(r
3 − r3j ),
(rj ≤ r < rj+1, with j = 1, 2...5 and r0 ≡ 0) .
(20b)
In Eq. (20a), we follow the parameters adopted in [53], in
which ρn = 3.5 × 1017 kg m−3 is the nuclear density and
m = mpB is the AQN mass. In Eq. (20b), we approxi-
mate the local environmental density ρ(r) as discrete step
functions due to the discontinuous geological structure of
the Earth. The labels i, j = 1, ..., 5 correspond to layers,
summarized in Table II. The parameter ri is the radius
of the start of the layer as measured from the center of
the Earth. ρi is the average density of the corresponding
shell respectively. We make the approximation that the
density within each layer is uniform, and therefore take
the average value from density at the top/bottom of the
shell as the local density. The data in Table II is taken
from Ref.3
3 Don L. Anderson, Theory of the Earth, Boston, Blackwell Pub-
lications (1989). Also see, http://pubs.usgs.gov/gip/interior.
TABLE II: Our model for the density structure of the
Earth. We consider the Earth to be made from 5
distinct layers, each of which we model as a
constant-density shell, with density ρi. We show the
outer radius for each shell, ri, as well as the thickness of
the shell.
Label Layer Thickness [km] ri [km] ρi [g cm
−3]
1 Inner core 1221 1221 12.95
2 Outer core 2259 3480 11.05
3 Lower mantle 2171 5651 5.00
4 Upper mantle 720 6371 3.90
5 Crust 30 6401 2.55
B. Axion-emission spectrum in the observer frame
We assume axion emission with non-relativistic veloci-
ties from AQN will be spherically symmetric in the AQN
frame. However, AQNs move with velocities vAQN ∼
220 km s−1 ∼ 10−3c, which greatly exceeds the escape
velocity of the axions we are interested in. Therefore, the
angular distribution of the emission may be strongly af-
fected by the motion of the AQN in the interior of Earth.
This subsection is devoted to analysis of this modification
in the angular distribution due to the frame change.
In general, an annihilating AQN will emit axions in a
frame moving with respect to an observer on Earth. We
introduce the notation K˜ and K for the rest frame of the
AQN and the frame of the observer respectively. The
axion-emission velocity spectrum in the AQN rest frame
is calculated in Ref. [2] and we refer the reader to that
paper for the calculation details. The velocity spectrum
in the rest frame is, by definition, the derivative of the
radiated flux Φrad(v˜a):
ρrest(v˜a) ≡ 1
Φtotrad
d
dv˜a
Φrad(v˜a)
' v˜
3
a
N(δ)
(
E˜a
ma
)6
|H0(0, δ)|2[1 +O(v˜2a)],
(21)
where v˜a and E˜a are the rest frame axion velocity and
energy respectively. The function Hl(p˜, δ) corresponds
to partial wave expansion in the approximate solutions,
as derived in [2]. In the present work we are interested
in non-relativistic AQNs and axions, therefore, only the
l = 0 mode and v˜a/c 1 are considered in Eq. (21). The
parameter δ ∈ (0, 1) is a convenient factor introduced in
Ref. [2] as a result of approximations due to absence of
simple analytic solutions of the general expressions. Tun-
ing δ ∈ (0, 1) leads to changes in the velocity spectrum
(21) that do not exceed ∼ 20%. The velocity spectrum is
not known more accurately than this (see Appendix B).
The normalization factor N(δ), depending on the param-
eter δ, is also known and presented in Appendix B.
In the frame of the observer, an AQN is moving with a
velocity vAQN . 10−3c. Thus, we need only to consider a
8non-relativistic transformation of frames, with relations
as follows:
v˜a = va − vAQN ; p˜ = p−mavAQN ; (22a)
v˜a =
√
v2a + v
2
AQN − 2va · vAQN ; (22b)
p˜ =
√
p2 +m2av
2
AQN − 2map · vAQN ; (22c)
E˜a =
√
E2a +m
2
av
2
AQN − 2map · vAQN . (22d)
Working in the manifold of va, we know ρ(va) is normal-
ized within a unit 3-ball B3
1 =
∫
B3
d3v˜a
ρrest(v˜a)
4piv˜2a
=
∫
B3
d3va
ρrest[v˜a(va)]
4pi(v˜a(va))2
, (23)
where in the second step, we transform our coordinate
from v˜a to va using Eqs. (22). Note that such transfor-
mation produces a small error related to a slight shift of
spherical center by ∼ 10−3c. However, the inconsistency
is negligible comparing to the uncertainty of approxima-
tion in terms of δ. Noting that the last equality in Eq.
(23) is completely expressed in terms of va, the velocity
in the frame of the observer. Therefore, we read off the
emission spectrum in the frame of the observer
ρobs(va) =
∫
dΩ v2a
ρrest(v˜a)
4piv˜2a
, (24)
where Ω is the solid angle made by 〈vˆa, vˆAQN〉. For a
moving AQN with axion emission, it is reasonable to as-
sume azimuthal symmetry, which gives
ρobs(va) =
1
2
∫ 1
−1
du
v2a v˜a
N(δ)
(
E˜a
ma
)6
|H0(p˜, δ)|2 , (25)
where v˜a, p˜, and E˜a are expressed as functions of va de-
fined in Eqs. (22). In this work, we are specifically inter-
ested in the hierarchy when va  vAQN  c, such that
one can expand Eq. (25) to arrive at
ρobs(va) ' vAQN
va
ρrest(va)
[
1 +O
(
va
vAQN
)2]
, (26)
and using the fact that H0(p, δ) is locally quadratic near
p = 0, (Appendix B). These corrections originate from
the fact that axions that are eventually trapped are emit-
ted with velocity in the rest frame that greatly exceeds
the escape velocity, but they are emitted in the opposite
direction to vAQN, so cancellation occurs and these are
the axions that end up with a low velocity in the observer
frame and therefore end up trapped and contributing to
ρobs(va). This transformation has a small dipole term,
but we have numerically checked that the dipole contri-
bution to the emission is small (±6% correction for the
dipole, while the quadrupole gives ±0.2%), and so we
neglect it and take axion emission to be isotropic in the
observer frame.
To summarize: the emission spectrum the frame of the
observer (26) is directly expressed in terms of the spher-
ically symmetric spectrum in the rest frame via equation
(21) and computed in [2]. This is expressed in terms
H0(0, δ) given in Appendix B. We emphasize that the
axion angular distribution is not spherically symmetric;
instead, for each incoming AQN, it is azimuthally sym-
metric with respect to the direction defined by the veloc-
ity of the AQN vAQN. It is the integration over incoming
directions in Eq. (24) that leads to the simple relation in
equation (26) between the two distributions.
C. The axion density distribution
The slowest of the axions that are emitted due to AQN
annihilation while travelling through the Earth will be
trapped by the gravitational field. As the axions are non-
interacting particles, their dynamical equations of motion
are simpler than that of the AQNs:
d2r
dt
= −g(r)rˆ ; g(r) ≡ GMeff(r)
r2
. (27)
In other words, the trajectories of axions are entirely de-
termined by the gravitational force from the Earth. Ax-
ions are mutually non-interacting, so if they are gener-
ated trapped then they remain trapped for all time. The
only difference in comparison with standard Kepler prob-
lem being that the effective acceleration, g(r), does not
scale like r−2 in the interior of the Earth. We will use
this set of equations and sample large numbers of axion
trajectories with initial conditions set by the AQN anni-
hilation events within Earth. This allows us to obtain a
distribution function pa(r) that gives us the probability
to find an axion at a given distance r from the center
of the Earth. This is then directly related to the ax-
ion density profile, which builds up around the Earth
over 4.5 Gyrs and is the crucial quantity for the axion
search experiments reviewed in the introduction. A full
description of the numerical simulations that allow us to
compute pa(r) will be described in Sec. IV, while here we
relate pa(r) to other observables that enter the numerical
simulations.
First, we want to relate pa(r) to the energy density of
gravitationally-trapped axions, ρa(r):
ρa(r) = ma · 〈N4.5GyrAQN 〉〈N trapa 〉
pa(r)
4pir2
, (28)
where 〈N4.5GyrAQN 〉 is the expected total number of antimat-
ter AQNs that impacted the Earth within 4.5 Gyr, and
〈N trapa 〉 is the mean number of trapped axions emitted
9per AQN. The first term entering (28) is easy to esti-
mate
〈N4.5GyrAQN 〉 = 〈N˙〉 · 4.5Gyr
' 9.52× 1016
( ρDM
0.3 GeV cm−3
)( vAQN
220 km s−1
)( 〈B〉
1025
)−1
,
(29)
where 〈N˙〉 is the average flux of AQNs hitting the surface
of the Earth, estimated in Appendix C.
The estimation of 〈N trapa 〉 in (28) is more complicated.
We choose to express this in terms of the “heat” distri-
bution function q(r, vAQN) defined as the fraction of the
mass loss of an AQN moving with local velocity vAQN at
a location r. We name this distribution “heat” to empha-
size that this function describes the annihilation events
where locally one should expect about 2mpc
2 energy re-
lease per single event of annihilation. We normalize the
heat distribution as follows:
〈∆mAQN〉 =
∫ R⊕
0
dr
∫ ∞
0
dvAQN q(r, vAQN) , (30)
where 〈∆mAQN〉 is mean total mass loss per AQN as it
passes through the Earth. The total number of axions
emitted for a given mass loss ∆mAQN can be estimated
as
〈N tota 〉 '
1
3
∆mAQN
〈Ea〉 '
∆mAQN
4ma
, (31)
where 〈Ea〉 ' 1.3ma is the average energy of axions com-
puted from the spectrum in equation (21). The coeffi-
cient 1/3 in (31) comes from the fact that approximately
1/3 of the total AQN energy is stored in the form of ax-
ion energy at formation time. This energy is inevitably
released as axions during the annihilation.
We are interested in trapped axions with velocities be-
low the local escape velocity vesc(r) in the interior of the
Earth, with vesc(r) given by:
vesc(r) =
√
−2U(r)
ma
;
U(r)
ma
=
∫ r
∞
dr′
GMeff(r
′)
(r′)2
.
(32)
Now we can express 〈N trapa 〉 entering (28) in terms of the
heat distribution q(r, vAQN) as follows
〈N trapa 〉 '
∫ R⊕
0
dr
∫ ∞
0
dvAQN
q(r, vAQN)
4ma
×
∫ vesc(r)
0
dva ρobs(va) ,
(33)
where ρobs(va) is the axion-velocity spectrum in the
frame of the observer, computed in equation (26). The
computation of q(r, vAQN) requires Monte Carlo simula-
tions, which we now discuss.
IV. ALGORITHM AND SIMULATIONS
A. Simulating initial conditions of AQNs for the
heat emission profile
To simulate the trajectories of AQNs through Earth
we start from the velocity distribution function of AQNs
in the vicinity of Earth. This distribution is Gaussian in
each Cartesian direction with dispersion σ ' 110 km s−1
and an additional ‘wind’ component in one direction µ '
220 km s−1 due to the motion of the Solar system with
respect to the DM halo:
fv(v)d
3v =
d3v
(2piσ2)3/2
exp
[
−v
2
x + v
2
y + (vz − µ)2
2σ2
]
.
(34)
We consider the accumulation of axions trapped in orbit
around Earth over the lifetime of the Solar System (∼
4.5 Gyr). Over this time, due to the spin and orbit of the
Earth, the orbit of the Solar system around the galactic
centre, and perturbations to both of these due to secular
effects of gravity, we consider the wind direction to have
averaged over all 4pi solid angle, see Fig. 1. Taking the
average of Eq. (34) gives us an isotropic distribution for
incoming AQN speed that includes the effect of the wind:
〈fv(v)〉Ω = 1
(2piσ2)3/2
sinh(µv/σ2)
µv/σ2
exp
[
−v
2 + µ2
2σ2
]
.
(35)
To start our simulations we must use the axion flux dis-
x
y
φ
θ
va = vazˆ
µ
FIG. 1: The coordinate system used in the calculation
of the AQN flux when we isotropize the incoming wind
direction. The solid-angle element dΩ = sin θ dθdφ is
integrated out over 4pi to obtain an isotropic average.
tribution through the surface of the Earth. The flux dis-
tribution is given by
d
dv
〈N˙〉Ω = 1
4
n · 4piR2⊕ · 4piv3〈fv(v)〉Ω
∝ v3 sinh(µv/σ
2)
µv/σ2
exp
[
−v
2 + µ2
2σ2
]
.
(36)
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We show the derivation of the distributions (35) and (36)
in Appendix C. As a consistency check of the isotropized
distribution in equation (36) we also carry out calcula-
tions in which the wind direction is fixed in space (Ap-
pendix D) and obtain consistent results.
To generate AQN initial conditions, we uniform-
randomly choose a point on the surface of Earth and
then generate an AQN with velocity sampled from distri-
bution (36). We remove AQNs with initial velocity point-
ing away from the Earth as these correspond to AQNs
that would have already experienced an Earth interac-
tion. Following this sampling scheme, we generate 106
AQNs and compute q(r, vAQN), the heat emission profile
of axions at a given location within the Earth, r, and orig-
inating from an AQN with local velocity vAQN as defined
by Eq. (30). As explained in Sec. III C, this function
is a key element to the calculation of the axion density
distribution ρa(r). Furthermore in the next subsection,
we will see that it is q(r, vAQN) that solely determines
the number of axions we simulate at a given point in the
phase space (r, vAQN).
For individual AQNs, Eqs. (19) are solved numerically,
and a 2D histogram of the (r, vAQN) phase space is com-
puted, where each point in a given trajectory is weighted
by m˙(t) to give the total amount of annihilation energy
going into axions. We refer to Appendix E for further
details .
B. Computations of the density distribution of
trapped axions
The density distribution of trapped axions ρa(r) is
directly related to pa(r), the probability of finding a
trapped axion at a given distance r, given by Eq.
(28). Similar to the calculation of the AQN heat pro-
file q(r, vAQN), we obtain pa(r) by simulation, but the
numerical procedure is more sophisticated. First, it is
clear that the number of axions to simulate at a given
point in the phase space (r, vAQN) is proportional to two
weighting factors – the rate of axion production [i.e. the
heat profile function q(r, vAQN)], and the rate of produc-
ing trapped axions [i.e. the spectrum ρobs(r) and the
local escape speed vesc]. Therefore, we sample axion ini-
tial conditions from the distribution within the integral
pa(r) ∼ 〈N trapa 〉
∝
∫ ∞
0
dvAQN
∫ R⊕
0
dr q(r, vAQN)
×
∫ vesc(r)
0
dva
vAQN
va
ρrest(va) .
(37)
The interpretation of Eq. (37) is as follows: we first
choose the initial conditions (r, vAQN) with probabil-
ity weighted by q(r, vAQN)vAQN/〈vAQN〉, and then we
shoot an axion at the given position r at a random
angle,with a speed in the range [0, vesc(r)] weighted by
〈vAQN〉/vaρrest(va).
Monte Carlo sampling can be performed in 2D space
due to the azimuthal symmetry. At r(t = 0) = (0, r), the
velocity
va(t = 0) = va(sin θ, cos θ) (38)
is randomly generated using the following distributions:
va ∼ 〈vAQN〉
va
ρrest(va) ; cos θ ∼ uniform(−1, 1) . (39)
Then, we obtain the initial velocity of the sampled axion:
vr = va cos θ, vθ = va
√
1− cos2 θ . (40)
Note that the sign of vθ is irrelevant, as pa(r) preserves
symmetry of time reversal.
Unlike for the AQN, the equations of motion for the
axion are simple and obey an energy and angular mo-
mentum conservation laws, see Eq. (27). We use these
conservation laws, together with the fact that the prob-
ability, p
(one)
a (r), to find a single trapped axion at a dis-
tance, r from Earth must be inversely proportional to the
radial velocity vr of that axion at that distance:
p(one)a (r) = N
1
vr
, (41)
where N is a normalization, and vr can be explicitly writ-
ten in terms of r using the conservation laws for angular
momentum and energy:
H(r, vr, vθ) =
1
2
mav
2
r +
1
2
ma
l2
r2
+ U(r) = E ; (42a)
l = r(t)vθ(t)|t=0 ; E = H|t=0 . (42b)
We then conclude that
p(one)a (r) =
N√
2[E − U(r)]/ma − l2/r2
. (43)
The full pa(r) is obtained by averaging over sufficient
numbers of p
(one)
a (r) using the Monte Carlo technique.
C. Computations of the axion spectrum on the
Earth surface
Finally, we describe the method to calculate F (va),
the axion speed spectrum on the Earth surface. The
spectrum is important for detection instrument as the de
Broglie wavelength of the trapped axion λa = h/mava is
sensitive to the local speed in the non-relativistic limit.
We follow a similar approach as in the previous sub-
section. Once the initial conditions are known, it is easy
to find the speed of an axion at the surface of the Earth
from the equation of motion (42):
va(R⊕) ≡ |va(R⊕)| =
√
2
ma
[E − U(R⊕)] . (44)
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We can then obtain the axion speed profile, F (va), by
computing a histogram of the axions with weighting in-
versely proportional to the orbital period of each axion
(axions with shorter periods pass through the surface
more often). The period of a given trajectory is found
from (42):
dr
dt
=
√
2
ma
[E − U(r)]− l
2
r2
. (45)
Therefore, the (half-)period is obtained by numerical in-
tegration
1
2
T =
∫ Rmax
Rmin
dr√
2[E − U(r)]/ma − l2/r2
. (46)
V. AXION PROFILES: DENSITY
DISTRIBUTION AND VELOCITY SPECTRUM
A. Heat emission profile
We first discuss the results of the simulation (106 sam-
ples) for the heat-emission profile of axions: q(r, vAQN).
In our simulations we use a number of parameters such as
the AQN baryon-charge distribution (parameters α and
Bmin),  (describing the strength of the interaction of
AQNs with earth’s material) and the flux distribution of
incoming AQNs (characterized by the galactic wind and
DM velocity dispersion). Surprisingly, we find that our
results are quite insensitive to these parameters. There-
fore, in the main body of the paper we only present the
case with α = (1.2, 2.5) and Bmin = 3×1024 shown in Fig.
2, while leaving other cases with different parameters to
Appendix F.
From Fig. 2, we first observe a Maxwellian-like dis-
tribution with mean speed of approximately 300 km s−1
and dispersion 200 km s−1 in all cases. In addition, we
specifically note that q(r, vAQN) looks like a stack of mul-
tiple Maxwellian-like distributions, such that an abrupt
change appears at some specific distance (e.g. r ∼ 0.9
and 0.5R⊕). One can see, from Table II, that these jumps
correspond to the successive layers of the Earth interior.
Consequently, whenever an AQN moves into a new layer
with an abrupt change of local density, the mass loss dras-
tically changes. Another observations is that very few
AQNs reach the core of the Earth, as the dominant por-
tion of the AQNs propagate at the distances r ≥ 0.5R⊕,
i.e. far away from the center of the Earth. This is a
geometrical effect that stems from the fact that there is
more volume in the outer part of the Earth compared to
the inner part.
As shown in Appendix F, we reach very similar con-
clusion for almost all effects we considered. The heat
emission profile is insensitive to the baryon-charge dis-
tribution of AQN models and to the velocity distribu-
tion of incoming DM flux. The effective cross section,
parametrized by , obviously increases the number of an-
nihilation events expressed as ∆B/B in Table III. How-
ever, the corresponding increase of  does not lead to
significant modification of the axion density on the sur-
face ρa(R⊕), which is the main observable of the system.
We have verified that this conclusion of insensitivity to
variety of physical parameters is a generic feature of the
system and this feature will be further elaborated in next
subsections.
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FIG. 2: Probability density for the heat-emission profile
of axions within the Earth: q(r, vAQN) for α = (1.2, 2.5),
Bmin = 3× 1024. We show the radius, r, from the center
at which axions are emitted and the velocity of the
AQN, vAQN, responsible for generating those axions.
The color intensity corresponds to probability density.
The dashed lines denote radii of the different layers of
the Earth, where the abrupt changes in density
translate to abrupt changes in heat of axion emission.
This figure demonstrates that most axion heat is
emitted close to the surface of the Earth, but that there
is a significant tail to low depths. There is a particular
spike in axion emission at the boundary between the
mantle and core, at r ' 0.55R⊕, where the density
jumps by more than a factor of 2. 106 AQN samples
were used to generate this figure.
B. Axion density distribution
The key results of our simulations are summarized in
Table III. From the mass loss, we obtain the expected
number of trapped axions 〈N trapa 〉 per AQN by Eq. (33)
and substitute this value into Eq. (28), the energy den-
sity distribution of axions is therefore
ρa(r) ' ρa(R⊕)
(r/R⊕)2
pa(r)
pa(R⊕)
( vAQN
220 km s−1
)( ρDM
0.3GeV/cm3
)
,
(47)
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where pa(r) is computed using the Monte Carlo simula-
tions discussed in the previous section.
We can parametrize our results for ρa(r) using a simple
analytical fit as follows
(
r
R⊕
)2
ρa(r)
ρa(R⊕)
'

a1x
n1e−kx
m
, x < 1
1
2
[
a1x
n1e−kx
m
+ a2x
−n2
]
, x = 1
a2x
−n2 , x > 1
(48)
where x ≡ r/R⊕, with parameters chosen to be
(a1, n1, k1,m1) = (3.11919, 1.58484, 1.11709, 2.06927)
and (a2, n2) = (1.000051, 1.56429) for the best fit. Note
that there exists a discontinuous jump at r = R⊕, which
is due to the steep change of density near the Earth sur-
face, because axion emission always happens inside the
earth. The corresponding plot is presented in Fig. 3.
Similar plots obtained with different choice of parameters
are shown in Appendix F. It is found that the approx-
imation (48) fits the density profile of all models with
 ' 1 over a range of radii r ∈ [0.5, 5]R⊕ with a maxi-
mum deviation of 10%.
We would like to make following comments:
•We note that the shape of ρa(r) is not sensitive to the
parameters (α, Bmin, and flux distribution) of the AQN
mass-distribution function; only its magnitude shows a
modest variation. This feature was anticipated before the
computations: Indeed, the axions inside the Earth are
non-interacting particles (except for the gravity). How-
ever, the gravitation becomes weak near the inner core in
comparison with the surface of the Earth. Thus, one can
treat axions as a free ideal gas with a probability den-
sity scaling as ∼ r2 near r . R⊕, and as ∼ r−2 outside
the radiation source. We can do this because the axion-
density profile is a statistical count of occupation states
when the entropy is maximized, and therefore it should
not depend on the location of the heat source inside the
system (Earth). This argument is generic, model inde-
pendent and is supported by explicit computations that
we have parameterized by simple analytical formula (48).
• The amplitude of the axion-density profile increases
with . However, the observable density ρa(R⊕) on the
earth’s surface shows very modest changes when  varies
as discussed in Appendix F. Qualitative explanation of
this effect is as follows. In general, a larger  results in
a peak in the density profile closer to the surface of the
Earth because more AQNs annihilate closer to the sur-
face of the Earth due to a larger effective cross section.
Nevertheless, the observable ρa(R⊕) shows only modest
variations with respect to these changes as mentioned
above. This is not a surprise because ρa(r) is predomi-
nantly determined by the local annihilation rate of AQNs,
and therefore the local density of the Earth. Consequen-
tially, even for the large  cases, ρa becomes more uniform
in the inner layers, but drops quickly near the surface due
to the reduced rate of local AQN annihilation.
• It is instructive to compare this result with the crude
estimate (4) presented in Ref. [2]: there is about 3 orders
of magnitude deviation from that naive estimate. This
can easily be understood from the work described here:
First, [2] assumed that ∆B/B ∼ 1 (i.e., most incident
AQN are mostly annihilated), however, our simulations
show that ∆B/B ∼ 0.1 for a typical model with  ' 1
(see Table III). Second, the emitted axions form an ex-
tended cloud in space around the Earth, such that the
axion density remains high even far away from Earth,
at the distances r ∼ 5R⊕, for instance see Fig. 3 and
corresponding figures in Appendix F. It is the physical
size of the extended cloud that is the main source for the
discrepancy with the naive estimate in [2], where it was
assumed the axion density dropped sharply beyond the
surface of the Earth. Finally, there is a suppression fac-
tor related to averaging over inclination angles between
the AQN velocity and the surface of the Earth that was
missing from [2]. The order of magnitude estimate from
[2] assumes N˙ ' nAvAQN. The proper treatment of the
inclination angle is given in Appendix C and produces an
additional suppression factor ∼ 14 such that correspond-
ing expression assumes the form N˙ ' 14nAvAQN.
The results of our Monte Carlo simulations are pre-
sented in Table III. The main result from the point-of-
view of axion-search experiments is the axion density on
the surface of the Earth ρa(R⊕)4
ρa(R⊕) ∼ 10−4 GeV
cm3
, 〈va(R⊕)〉 ' 8 km s−1. (49)
There is no remaining freedom in the model to signif-
icantly modify our final results in eq. (49). In this sce-
nario, the AQN framework is rigid and predictive. This
is because dark- and visible-matter densities in the AQN
framework must always satisfy the relation (6), irrespec-
tive of the axion mass ma. This is in contrast with con-
ventional estimates for the galactic-axion density, which
strongly depends on the axion mass and scale as m
−7/6
a .
The axion velocity distribution has a maximum close to
va(R⊕) ' 8 km s−1 (see next subsection V C). The corre-
sponding wavelength λa ∼ ~/(mava) is approximately 30
times greater than for galactic axions, which have a typ-
ical velocity of about ∼ 220 km s−1. Therefore, coherent
effects can be maintained for a longer time period com-
pared to those for conventional galactic axion searches.
One may hope that the feature of having a large coher-
ence length, λa ∼ v−1a , could play a key role in the design
of instruments, capable of discovering such gravitation-
ally trapped axions (see concluding Section VI for more
comments).
4 We do not expect any large enhancement factors due to the grav-
itational focusing of DM, which may briefly increase the incident
AQN flux by factor 106, as advocated in [74, 75]. This is because
trapped axions are accumulated during 4.5 billion of years and
enhancement effects due to gravitational focusing are of short
temporal duration and we do not think they will significantly
change the mean AQN impact rate over the long accumulation
time.
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TABLE III: Summary of some results. Our baseline model is Bmin = 3× 1024,  = 1 unless otherwise specified. For
each model we show: 〈∆mAQN〉, the change in mass of a typical antimatter AQN as a result of interaction with the
Earth; 〈∆B〉/〈B〉, the typical loss of baryon charge of a typical AQN (also the fractional mass loss); ρa(R⊕), the
magnitude of the axion-halo density profile at the surface of the Earth after 4.5 Gyrs of accumulation.
〈B〉 α Other parameters 〈∆mAQN〉 [kg] 〈∆B〉/〈B〉 ρa(R⊕) [GeV cm−3]
8.84× 1024 2.5 – 5.00× 10−3 33.8% 2.38× 10−4
8.84× 1024 2.5 µ = −µzˆ 5.83× 10−3 39.4% 2.87× 10−4
8.84× 1024 2.5 Solar gravitationa 5.13× 10−3 34.7% 2.77× 10−4
8.84× 1024 2.5  = 3 1.24× 10−2 84.1% 3.76× 10−4
2.43× 1025 2.0 – 7.84× 10−3 19.3% 1.44× 10−4
2.43× 1025 2.0 µ = −µzˆ 8.86× 10−3 21.8% 1.64× 10−4
1.89× 1025 (1.2, 2.5) Bmin = 1023 6.90× 10−3 21.8% 1.65× 10−4
4.84× 1025 (1.2, 2.5) – 1.69× 10−2 20.8% 1.61× 10−4
4.84× 1025 (1.2, 2.5) µ = −µzˆ 1.89× 10−2 23.4% 1.86× 10−4
a We consider an additional 42.1 km s−1 AQN impact velocity from AQN falling to Earth from infinity in the gravitational well of the
Sun, this gives an additional velocity to the AQN that is always in the direction of travel. See Appendix F for more details
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FIG. 3: The axion-density profile around the Earth,
ρa(r), corresponding to an incident AQN distribution
with α = (1.2, 2.5), Bmin = 3× 1024. The simulation
(blue) is compared with the analytical fit (orange).
2× 105 axion samples were in the simulation.
C. Axion-velocity spectrum features on the surface
of the Earth
In this subsection we derive the axion-velocity spec-
trum F (va) at the surface of the Earth. Before dis-
cussing the simulation results, we note that the axion
spectrum F (va) can be estimated based on a simple toy
model. Surprisingly, the estimated profile gives a consis-
tent and precise description which is in good agreement
with Monte Carlo numerical simulations. The arguments
presented below strongly suggest that F (va) is not sen-
sitive to any parameters of the incoming AQN flux, and
F (va) is expected to be similar regardless of the distribu-
tion functions computed in previous sections. The main
reason for this insensitivity to parameters is that the ba-
sic physics of low-energy axions is governed by gravity
rather than by any specific features related to the AQNs
emitting these axions.
We start our argument by rewriting eq. (44) as
va(r) =
√
2
ma
[E − U(r)] , (50)
and introduce following notation
va ≡ va(R⊕), r0 ≡ r(0), u0 ≡ va(0) . (51)
The escape velocity at the surface of the Earth is given
by
v⊕ ≡ vesc(R⊕) =
√
2GM⊕
R⊕
' 11 km s−1 . (52)
The energy in eq. (50) can now be written as
E =
1
2
u20 + U(r0) =
1
2
mau
2
0 −
1
2
mav
2
esc(r0) . (53)
We now construct a toy model using a number of ap-
proximations. First, we assume that the Earth is point
mass, which simplifies the gravitation potential:
U(r) ' −GM⊕ma
r
= −1
2
mav
2
⊕
R⊕
r
. (54)
This is correct for all distances above the surface of the
Earth. As the next step, we use Eqs. (53) and (54) to
simplify Eq. (50) and derive
va(r) '
√
u20 − v2esc(r0) + v2⊕
R⊕
r
, (55)
which should be valid for r ≥ R⊕. From this simplified
case, one can extract many useful relations that must be
valid for all radii above the surface of the Earth. For ex-
ample, by setting va(r) = 0 in Eq. (55), one can estimate
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the maximum radial distance rmax for a trapped axion as
follows
rmax(u0) ' R⊕
v2⊕
v2esc(r0)− u20
. (56)
This relation allows to estimate the orbital period for
these axions:
T (u0) ' 2rmax
va
' 2R⊕
va
v2⊕
v2esc(r0)− u20
, (57)
where va ≡ va(R⊕) is the speed of a given axion at the
surface of the Earth. Also, at r = R⊕, the parameter
u0, the axion velocity at the center of the Earth, can be
expressed as a function of va using Eq. (55) as follows:
u0(va) '
√
v2a + v
2
esc(r0)− v2⊕ . (58)
We can now estimate the axion spectrum F (est)(va) at
the surface of the Earth:
F (est)(va) ∝ ρobs(u0) · 1
T (u0)
·
(
du0
dva
)
, (59)
where u0 is given by Eq. (58). Expression (59) comes
from the fact that F (va) must be proportional to the
axion emission spectrum ρobs and the frequency of the
orbital period 1/T . The last term (du0/dva) is the Jaco-
bian of the transformation from the basis of u0 to va.
Substituting Eq. (58) into Eq. (59), the spectral axion
distribution (not normalized) at the surface of the Earth
can be written as:
F (est)(va) ∼ v2a
(
1− v
2
a
v2⊕
)√
v2a + v
2
esc(r0)
v2⊕
− 1 , (60)
where vesc(r0) is the only unknown parameter affecting
the form of F (est)(va). However, the local escape velocity
vesc(r0) varies only in a narrow range, from 11 km s
−1
(from the surface of the Earth) to 15 km s−1 (from the
center of the Earth). Therefore, the spectrum F (est)(va)
given by (60) depends only weakly on vesc(r0).
Fig. 4 shows that our simple estimate, Eq. (60), and
the simulations are in very good agreement. In Appendix
F we show that the agreement holds for different choices
of the AQN model parameters. The reason for this in-
sensitivity to large variations in AQN parameters (such
as α, Bmin, , incident-flux distribution) is because the
velocity spectrum of the gravitationally-bound axions is
mostly determined by the gravity of the Earth, rather
than by any features of the AQNs. Therefore, the ana-
lytical expression (60) remains a valid description of the
spectrum, where all specific features related to the AQNs
are hidden in vesc(r0) which can be assumed to be a con-
stant computed as an average over the entire ensemble
of axions emitted from any point in the interior of the
Earth by any AQN of any size at any moment. One can
therefore use 〈vesc(r0)〉 ' 13.5 km s−1 in Eq. (60), which
is in good agreement with numerical simulations.
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va(R ) [km s 1]
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FIG. 4: The axion velocity-distribution profile on the
surface of the Earth F (va) vs. va(R⊕): α = (1.2, 2.5),
Bmin = 3× 1024. The simulation (blue) is compared
with the analytical estimation from our simple toy
model F (est)(va) (orange) with vesc(r0) = 13.5 km s
−1.
The distribution peaks ' 7 km s−1 and there is
(obviously) a sharp cut off at the escape speed
' 11 km s−1. 2× 105 axion samples were used for the
simulation.
VI. CONCLUSIONS AND FUTURE
DIRECTIONS
The main results of our work can be summarized as:
a. We computed the energy-density profile of trapped
axions as a function of the distance from the center of the
Earth using numerical Monte Carlo simulations. These
axions are produced when antimatter AQNs incident on
Earth annihilate with the rocky material in the interior.
The trapped axions represent the tiny, low-velocity tail
of the axions emitted during this annihilation process, a
velocity distribution that otherwise peaks at around 0.5c.
However, the number of trapped axions can be apprecia-
ble since they build up over the lifetime of the Earth.
Results for the density profile are shown in Fig. 3, and
in Figs. 8a, 8b in Appendix F for different parameters of
the incident AQN population (α and Bmin, governing the
AQN-mass distribution;  governing the AQN-Earth ma-
terial cross section; incident flux velocity distribution).
The final value we calculate for the axion density at the
surface of the Earth after 4.5 Gys, ρ(R⊕), is not very sen-
sitive to these AQN parameters, which suggests that one
can use the estimate (49) as a baseline for the trapped-
axion density that is quite independent of the details of
the AQN model. We refer the reader to Table III for
an overview of the sensitivity of the results to the AQN
parameters.
b. We computed the trapped-axion velocity-
distribution F (va), shown on Fig. 4, and Figs. 8e, 8f
in Appendix F for different parameters of the incident
AQN population. Once again, we find that F (va) is not
sensitive to the incident AQN parameters, implying that
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the formula (60) can be used as a good approximation for
the velocity distribution of the gravitationally bound ax-
ions that is quite independent of the details of the AQN
model. One can express the important features of the
trapped-axion system in terms of the de Broglie wave-
length λa:
λa
2pi
≡ ~
mava
' 50 m
( ma
10−4eV
)−1 ( va
11 km s−1
)−1
,(61)
which is much greater than the typical wavelength of
the conventional galactic axions because va ≤ v⊕ ≈
11 km s−1 in formula (61), whereas typical galactic ax-
ions have va ' 200 km s−1. This key feature of
gravitationally-trapped axions may be a decisive element
that may drastically increase the discovery potential for
these axions. This is because axion-search instruments
that are based on idea of coherence could be made more
sensitive, and could collect the signal for much longer pe-
riod of time without losing the coherent features. These
experiments may be able to overcome the relatively small
axion density we calculate in eq. (49) in comparison with
conventional estimates for the galactic axions, due to the
possibility that the signal may be collected over a longer
period of time.
For example, the conventional cavity quality factor
Q ≈ 105 − 106 is mostly constrained by the finite band-
width O(β2) ∼ 10−6 for galactic axions with β ≡
v/c ∼ 10−3. Galactic axions can be thought as a
highly monochromatic radiation with a coherence time
corresponding to 106 oscillation periods and coherence
length of roughly 103 times the axion Compton length
λC = ~/(mac), see e.g. the analysis [48] of the DM ra-
dio experiment and recent review [19]. This should be
compared with the gravitationally trapped axions when
β⊕ ≡ v⊕/c ' 3.6 × 10−5, and therefore factor Q ∼ 1010
could be potentially four orders of magnitude greater
than for the galactic axions. This huge enhancement fac-
tor is due to the fact that gravitationally trapped axions
are much more monochromatic than galactic axions as
the coherence length is roughly λa/λC ∼ 105 of the ax-
ion Compton length, to be contrasted with factor 103 for
the galactic axions.
We mentioned in Sec.I a number of instruments ex-
isting, upgraded (or planning to be upgraded), designed
(but not build yet), or under consideration that in princi-
ple are capable of achieving the precision required to de-
tect gravitationally-trapped axions. Along with the list
of instruments presented in Introduction we also want
to mention another possible design, advocated in [76],
which is based on quantum coherence of the propagating
axions, and which may also benefit from the large coher-
ence length (61) mentioned above. Finally, we want to
mention the idea advocated in [77–79] that the combina-
tion of large number of cavities can drastically enhance
the axion signal. The design advocated in [77–79] may
benefit from large wave length (61) of the gravitationally
bound axions.
It is the central result of this work that all the ques-
tions formulated in the Introduction as items 1-6 have
been successfully answered: we have derived the axion
density on the surface of the Earth, where detection can
be made (as stated in item “a” above) and the velocity-
spectral features of these gravitationally trapped axions
(as stated in item “b” above). We have also demon-
strated that these results are not very sensitive to the
incident AQN distribution model, nor to the interaction
pattern between the AQNs in the interior of the Earth.
Therefore, we think our results are solid and robust pre-
dictions within the AQN framework. We emphasize once
again that the corresponding properties (49), (60) and
(61) are very distinct from conventional galactic axions.
In particular, the spectral features (60) and (61) describe
the gravitationally trapped axions that are produced in
the interior of the Earth; and no other model we know
of would generate such spectral properties. The rigid-
ity and predictiveness of the model leads to very limited
freedom and flexibility for any modification of (49), (60)
and (61).
Why should we take this AQN model seriously? First
of all, this model is consistent with all available cosmo-
logical, astrophysical, satellite and ground based con-
straints, where AQNs could leave a detectable electro-
magnetic signature. While the model was initially in-
vented to explain the observed relation ΩDM ∼ Ωvisible,
it may also explain a number of other (naively unrelated)
phenomena, such as the excess of galactic emission in dif-
ferent frequency bands as discussed in section II B. The
AQN model may also offer resolutions to some other as-
trophysical mysteries: the so-called “Primordial Lithium
Puzzle” [51], the so-called “The Solar Corona Mystery”
[52, 53], the recent EDGES observations of a stronger
than anticipated 21 cm absorption features [54], to name
just a few.5 These cosmological puzzles could be resolved
within AQN framework with the same set of physical pa-
rameters advocated in the present work. The only pa-
rameter that changes is  which scales the effective cross
section as in expression (18).
In this respect, the proposal advocated in this work:
to search for gravitationally trapped axions that are in-
evitably produced as a result of the annihilation of inci-
dent antimatter AQN with the matter of the Earth is a
direct manifestation of the AQN model. In fact, the ob-
servation of these axions, with their very distinct density
and velocity-spectral properties would be the smoking
gun supporting the entire AQN framework.
5 In fact, there is some conceptual similarity between the “Primor-
dial Lithium Puzzle” and the axions-emission problem which is
the topic of the present work. In both cases, a fraction of the
constituents is hidden inside the AQNs. The Li nuclei are cap-
tured by AQNs after BBN at T ' 20 keV as discussed in [51],
while off-shell axions are hidden in the form of axion domain
walls during the formation time at T ' 100 MeV as discussed in
Section I. In first case it leads to the depletion of the visible Li-
nuclei as argued in [51]. In the second case the originally hidden
axions might become observable propagating on-shell particles
as a result of AQN annihilation events similar to those discussed
in the present work.
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Appendix A: Constraint from IceCube
Here we estimate the constraint of the AQN model
from IceCube’s observation. In short, depending on the
sensitivity of the detector, we find a mean baryon charge
〈B〉 . 1.6 × 1024 is excluded up to 3.5σ level of signif-
icance for η = 1. For η = 3 similar constraint reads
〈B〉 . 4.7 × 1024, see definition for the parameter η be-
low. We present the details of such estimation as follows.
To estimate the hit rates of AQNs to the IceCube,
we assume majority of AQNs pass through the Earth
in the end without annihilation, which is in agreement
with the simulation results in the present work.6 Then,
we conclude the flux of AQNs hitting the Icecube must
be approximately isotropic in all directions. To simplify
the calculation without loss of generality, we further ap-
proximate IceCube as a spherical detector with diameter√
η ·(1km). As shown in Fig. 5, we introduce a parameter
η to account for the effective cross section of the detector.
For the modest estimation, we may expect η = 1, while
η = 3 is clearly the maximal cross section ever possible.
In all cases, the reasonable range of η is from 1 to 3, where
η = 3 is a strict upper limit of IceCube’s sensitivity. Us-
ing average flux density of AQNs computed in Appendix
C, we obtain the total hits expected to IceCube in 10
years from Eq. (C8):
〈N10yrIceCube〉 = 4pi(0.5km)2η · 10yr ·
〈N˙〉
4piR⊕
' 1.3037η
( ρDM
0.3GeV · cm−3
)(1025
〈B〉
)
.
(A1)
Assuming a Poisson distribution, the probability of ob-
serving k events within 10 years is
Prob(k) =
λk
k!
e−λ, λ = 〈N10yrIceCube〉. (A2)
The probability of seeing zero event in IceCube over 10
years is summarized in Table IV. As an rough estimate,
we choose the average value between η = 1 and 3
〈B〉 & 3× 1024 (A3)
as the constraint from IceCube. This is precisely the
value presented in the main body of the paper in eq. (9).
TABLE IV: Probability of seeing zero event in IceCube
over 10 years
η 〈B〉 Hit number Prob(k=0) [%] Significance
1.6× 1024 8.148 0.02893 3.44σ
1 5.0× 1024 2.607 7.37260 1.45σ
1.0× 1025 1.304 27.15253 0.61σ
4.7× 1024 8.321 0.02432 3.49σ
3 5.0× 1024 7.822 0.04007 3.35σ
1.0× 1025 3.911 2.00185 2.05σ
0.5km
0.5
√
3km
(η = 1)
(η = 3)
IceCube
FIG. 5: Definition of the η parameter.
Appendix B: Spectral properties in the rest frame
In this appendix, we fulfill the technical details in Sec.
III B. In Eq. (21), the Hl(p˜, δ) is the partial wave expan-
sion known as follows [2]:
6 To be more specific, simulation indicates the trajectories of AQNs
are mostly as like free motions and annihilations only slow down
the AQNs by a small fraction ∼ 25-50 km s−1. Since slower
velocity results in smaller flux, the simplification of zero velocity
loss (i.e. free motion) is in fact putting us to a stricter constraint
from IceCube.
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Hl(p˜, δ) ≡
∞∑
n=0
n∑
k=0
e−kδ
2n
(n+ 1)!
k!(n− k)!
(−1)k
(k + 1)l+3
Γ(l +
3
2
)f
(
1
2
(l + 3),
1
2
(l + 4), l +
3
2
;
−(p˜/ma)2
(k + 1)2
)
, (B1a)
f
(
1
2
(l + 3),
1
2
(l + 4), l +
3
2
;
−(p˜/ma)2
(k + 1)2
)
' 1
Γ(l + 32 )
[
1− (l + 3)(l + 4)
4(k + 1)2
Γ(l + 32 )
Γ(l + 52 )
(p˜/ma)
2 +O(p˜/ma)4
]
, (B1b)
where f(a, b, c; z) is defined to be the regularized Gauss
hypergeometric function 2F1(a, b, c; z), i.e. f(a, b, c; z) ≡
1
Γ(c) 2F1(a, b, c; z), see Refs. [80, 81] and recent article
[36]. We also note a useful fact in Eq. (B1b) that
f(a, b, c; z) has a simple quadratic behaviour in the non-
relativistic limit z → 0.
Next, we turn to the normalization factor N(δ). Ac-
cording to Eq. (B1), the normalization factor obviously
depends on δ. We refer the detailed calculation to the
original work [2], while quoting results as follows
N(δ) =

0.434, δ = 0.0
0.616, δ = 0.5
0.798, δ = 1.0
(B2)
In this work, we choose the intermediate value δ = 0.5 in
the simulation.
Appendix C: Estimation of AQN flux
We compute the average flux of AQN (in number den-
sity). We start with the standard definition of flux
N˙ = nA · v, (C1)
where n is the number density of AQNs, A = 4pib2 is the
cross section of the impact, and v is the velocity of AQN
flux. Now we take the average:
〈N˙〉 = 〈n〉〈A · v〉, (C2)
where we take the average number density of an antimat-
ter AQN
〈n〉 = 3
5
ρDM
mp〈B〉 (C3)
and the incident flux vector is also averaged out as
〈A · v〉
4piR2⊕
= 2pi
∫ ∞
0
dv v2
∫ 1
0
d(cos θ)
(
1 +
2GM⊕
R⊕v2
)
×
× v cos θ · 〈fv(v)〉Ω
' 68.6 km s−1
( µ
220 km s−1
)
(C4)
where in the last step, we take σ = 110 km s−1, M⊕ =
5.972 × 1024kg, and R⊕ = 6371km, and the impact pa-
rameter b for the Earth is taken into account:
b = R⊕
√
1 +
2GM⊕
R⊕v2
= 1.0013R⊕. (C5)
As an additional note, in Eq. (C4) we have taken the
angular average over all direction of the galactic wind as
〈fv(v)〉Ω = 1
4pi
∫
dΩ
1
(2piσ2)3/2
exp
[
− (v − µ)
2
2σ2
]
=
1
(2piσ2)3/2
sinh(µv/σ2)
µv/σ2
exp
[
−v
2 + µ2
2σ2
]
,
(C6)
which gives the distribution (35) in Sec. IV A. Also we
can read off the flux spectrum from Eqs. (C2) and (C4)
as
d
dv
〈N˙〉Ω = 1
4
n · 4piR2⊕ · 4piv3 〈fv(v)〉Ω (C7)
which gives the flux distribution (36).
We therefore obtain the hit rate per unit area on Earth
surface
〈N˙〉
4piR2⊕
=
4.15× 1023
〈B〉 km
−2yr−1
(
ρDM
0.3GeVcm3
)( µ
220 km s−1
)
(C8)
where we take mp = 938.27 MeV and the total hit rate
is therefore
〈N˙〉 ' 2.12× 107yr−1
(
ρDM
0.3GeVcm3
)( µ
220 km s−1
)(1025
〈B〉
)
.
(C9)
Therefore, we can find the expected number of AQNs
that have impac the Earth within 4.5 Gyr is
〈N4.5GyrAQN 〉 = 〈N˙〉 · 4.5Gyr
' 9.52× 1016
(
ρDM
0.3GeVcm3
)( µ
220 km s−1
)(1025
〈B〉
)
.
(C10)
Appendix D: Estimation of AQN flux (fixed wind)
We also present calculation of AQN flux for fixed wind
direction.
As shown in Fig. 6, The coordinate system is set up
as shown in Fig. 6, which implies the following relationeˆreˆθ
eˆφ
 =
 sin θ cosφ sin θ sinφ cos θcos θ cosφ cos θ sinφ − sin θ
− sinφ cosφ 0

xˆyˆ
zˆ
 . (D1)
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FIG. 6: Coordinate system used in the calculation of
AQN flux (fixed wind)
Starting with the general velocity distribution
fv(v) =
1
(2piσ2)3/2
exp
[
− 1
2σ2
(v − µ)2
]
(D2)
and noting that
vˆ · µˆ = − cosψ cos θ + sinψ cosϕ sin θ (D3)
from the relation (D1), we conclude
f(v) =
1
(2piσ2)3/2
exp
[
−v
2 + µ2
2σ2
]
×
× exp
[
−vµ
σ2
(cosψ cos θ − sinψ cosϕ sin θ)
]
(D4)
and the flux of AQN is
N˙ = nR2
∫ pi
0
dθ sin θ
∫ 2pi
0
dφ
∫
eˆr·vˆ≤0
d3v eˆr · vf(v)
∝
∫ pi
0
dθ
∫ ∞
0
dv
∫ pi
pi
2
dψ
∫ 2pi
0
dϕ v3e−
v2
2σ2×
× sin θ sinψ cosψ×
× exp
[
−vµ
σ2
(cosψ cos θ − sinψ cosϕ sin θ)
]
(D5)
where in the last step we drop out all numerical factors as
normalization will be applied in the simulation, and the φ
component is simply integrated out due to the azimuthal
symmetry of setup.
The integral over ψ and ϕ can be performed numeri-
cally by Monte Carlo method, as presented in Fig. 7.
Appendix E: Heat emission profile simulation
This appendix describes the computation details solv-
ing for the heat emission profile q(r, vAQN). First, the
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FIG. 7: The flux distribution (fixed wind) profile
obtained by Monte Carlo simulation (106 samples).
Here µ = 220 km s−1, σ = 110 km s−1 .
simulation implements numerical solving of differential
equations (19) using Python for individual AQNs, and
for each of these AQN trajectories through the Earth the
simulation returns the solution in the form of the follow-
ing array
r(ti) v(ti) m˙(ti) m(ti)
r(ti + ∆t) v(ti + ∆t) m˙(ti + ∆t) m(ti + ∆t)
r(ti + 2∆t) v(ti + 2∆t) m˙(ti + 2∆t) m(ti + 2∆t)
...
...
...
...
r(tf ) v(tf ) m˙(tf ) m(tf )

where each row corresponds to a time t for the trajectory
at which sampling has been done, and denotes the radial
position r(t), the speed v(t), the rate of mass loss m˙(t)
and the instantaneous mass m(t), where ti and tf give
the AQN’s time of entry into the Earth and the time of
exit respectively.
By doing the histogram statistics of the first two
columns with weighting factor m˙ in the third column, we
obtain the unnormalised q(r, vAQN). To do so, we used
NumPy’s hist2d function to bin the first two columns
into a 200×200 pixel grid using weights m˙(t). The sim-
ulation for an AQN trajectory was set to have a default
sampling rate of 2 sample points per second. For a given
AQN trajectory in the phase space (r, vAQN), at suffi-
ciently high velocities this would lead to gaps (empty
pixels) being seen in the trajectory on the weighted 2D
histogram plot. To tackle this, we use Python’s SciPy
package to perform spline interpolation on our points for
the radial distances r(t), instantaneous velocities v(t) and
instantaneous masses m(t) on the interval [ti,tf ] and de-
mand a sufficient number of sample points such that for
the highest v(t) for the trajectory we would obtain at
least one point per pixel. We use these and Eq. (17) to
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compute the corresponding m˙(t) (directly interpolating
m˙(t) is unreliable due to it not being a smooth function).
This procedure changes the number of sampling points
per second and makes it different for every AQN trajec-
tory, and hence when plotting q(r, vAQN) we multiply the
weighting factor m˙ by 1/(sample points per second) to
obtain the new weighting factor m˙(t)/(sample points per
second) for points corresponding to each AQN. By plot-
ting sufficiently many such weighted trajectories on the
2D histogram, we obtain q(r, vAQN). For our simulations,
we have chosen to do this for 106 AQNs.
To normalize q(r, vAQN), we should use the information
in the fourth column. We first build up a new array for
the total N samples of AQNs m1(ti) m1(tf )... ...
mN (ti) mN (tf )

with each row recorded the mass loss of one sample AQN.
Then we can estimate 〈∆mAQN〉, the total mass loss per
AQN on average, using the general formula
〈∆mAQN〉 =
∑N
k=1[mk(ti)−mk(tf )]∑N
k=1mk(ti)
·mp〈B〉. (E1)
We therefore obtain the normalized q(r, vAQN) from con-
dition (30).
Appendix F: On sensitivity of the main results to
the AQN’s parameters
The main goal of this appendix is to argue that the
main results of this work are not very sensitive to the
parameters of the model, such as size distribution of AQN
(represented by parameters α and Bmin),  (describing
the strength of the interaction of AQNs with material),
flux distribution of AQNs (depending on the direction of
galactic wind µ and gravitation attraction from the Solar
system vesc ' 42.1 km s−1).
Before presenting the simulation results, we describe
the parameters considered in the work as summarized in
Table III. First, we choose the set of (α,Bmin) in Table
I such that 〈B〉 & 1025, subjecting to the constraint (9)
from IceCube. Next, we choose different values of  = 1
and 3 to study the dependence of the effective cross sec-
tion of AQN, as discussed in Sec. III A. Additionally,
we consider three different flux distributions of AQNs:
isotropic averaging, fixed-wind direction, and accelera-
tion by solar gravitation. Since the first two are fully
described in the main text as well as Appendices C and
D, we only comment on the third distribution here. The
gravitation of the solar system implies an additional es-
cape velocity ∼ 42.1 km s−1 at Earth distance. To take
into account of such effect, we add an additional magni-
tude to the initial speed for each AQN by ∼ 42.1 km s−1
in the simulation based on the isotropic distribuiton (36).
As mentioned earlier, we find the simulation results
are largely similar in all cases, with one moderate ex-
ception  = 3. For the sake of brevity, we only present
one common case [(α,Bmin) = (2.0, 3× 1024),  = 1 and
fixed-wind distribution] and the case with  = 3 here.
As shown in Fig. 8, the heat emission profiles q(r, v) is
presented in the first row, following by by the axion den-
sity distribution ρa(r) and the velocity spectrum F (va)
on Earth surface.
We only comment on the sensitivity to the effective
cross section  (column on the right), as the common
case (column on the left) presents the same features al-
ready discussed in the main text. It is found for a larger
, the heat distribution become distorted in favor of a
slower speed and more annihilation events closer to the
Earth surface. This behaviour is well anticipated as an-
nihilation becomes more efficient. However, these modifi-
cations of the heat emission profile q(r, v) have almost no
effect on the axion density distribution ρa(R⊕) and the
axion spectral velocity distribution F (va) on the surface
of the Earth as we discuss below.
We now move to the axion density distributions (Figs.
8c and 8d) and velocity spectrums (Figs. 8e and 8f),
which are the main observable. We reach a conclusion
that the simulation results are in general insensitive to
almost all effects we considered. In fact, it is specifi-
cally insensitive to the baryon charge distribution of AQN
models or the velocity distribution of DM flux. The ef-
fective cross section ∼  modifies the heat distribution
as mentioned above. However, this modification almost
has no effect on the axion density ρa(R⊕) and spectral
properties F (va) on the surface of the Earth, which are
the relevant parameters for the observations.
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FIG. 8: Summary of simulations (Bmin = 3× 1024). The AQN heat emission profiles q(r, vAQN) are presented in the
first row (106 samples), following by the axion density distribution ρa(r) and the velocity spectrum F (va) on Earth
surface [with vesc(r0) = 13.5 km s
−1] respectively (blue, 2× 105 samples). The analytical fits (orange) are also
presented as in the main text. In general, all choices of parameters in Table. III share similar features on the left
column. The moderate exception is the case  = 3 as presented on the right column here.
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